Abstract. In this paper, we prove some isomorphisms theorems between Teichmüller spaces of non-orientable compact surfaces. We also develop a technique, based on similar results for Riemann surfaces, to give explicit examples of Teichmüller spaces of Klein surfaces.
Background and statement of main results
The deformation theory of non-orientable surfaces deals with the problem of studying parameter spaces for the different dianalytic structures that a surface can have.
It is an extension of the classical theory of Teichmüller spaces of Riemann surfaces, and as such, it is quite rich. In this paper we study some basic properties of the Teichmüller spaces of non-orientable surfaces, whose parallels in the orientable situation are well known. More precisely, we prove an uniformization theorem, similar to the case of Riemann surfaces, which shows that a non-orientable compact surface can be represented as the quotient of a simply connected domain of the Riemann sphere, by a discrete group of Möbius and anti-Möbius transformation (mappings whose conjugates are Möbius transformations). This uniformization result allows us to give explicit examples of Teichmüller spaces of non-orientable surfaces, as subsets of deformation spaces of orientable surfaces. We also prove two isomorphism theorems: in the first place, we show that the Teichmüller spaces of surfaces of different topological type are not, in general, equivalent. We then show that, if the topolog-ical type is preserved, but the signature changes, then the deformations spaces are isomorphic. These are generalizations of the Patterson and Bers-Greenberg theorems for Teichmüller spaces of Riemann surfaces, respectively.
A Riemann surface (Σ, X) is a topological surface Σ with a complex structure X, that is, a covering of Σ by charts with holomorphic changes of coordinates. Since holomorphic functions have positive Jacobian, it turns out that Riemann surfaces are orientable. The natural generalisation to the case of non-orientable surfaces is that of a dianalytic structure, where we require that the changes of coordinates are either holomorphic or anti-holomorphic (the complex conjugate is holomorphic). A pair (Σ, X), where Σ is a surface and X is a dianalytic structure, is called a Klein surface. In particular, Riemann surfaces are Klein surfaces. It is classical fact that any Klein surface can be represented asX/Γ, whereX is either the Riemann sphere, the complex plane or the upper half plane, and Γ is a group of dianalytic bijections of X. Except for a few (finite number of) cases, Klein surfaces are covered by the upper half plane; these are called hyperbolic surfaces. A compact non-orientable surface Σ is the connected sum of g (real) projective planes; g is called the genus of the surface. Observe that here we use the genus in the topological sense; some authors (in particular, [14] ) use the so-called arithmetic genus, which is equal to g − 1. A non-orientable surface is hyperbolic if and only if g ≥ 3. In the first result of this paper, we prove a uniformization theorem, by groups which are more suitable for computations that groups acting on the upper half plane. Theorem 1.1. Let Σ be a compact non-orientable surface of genus bigger than 2.
Then there exists a Kleinian group G, acting discontinuously on a simply connected set ∆ ofĈ, and an antiholomorphic function r, such that:
3. r is of the form r : z → az+b cz+d
, with ad − bc = 0;
4. ∆/Γ ∼ = Σ, where Γ is the group generated by G and r;
Γ is unique up to conjugation by Möbius transformations.
Here by a Kleinian group we mean a group of Möbius transformations that acts discontnuously on a non-empty open set of the Riemann sphere. The complex double of Σ is a Riemann surface Σ c , together with a unramified double cover π :
Let M(Σ) denote the set of dianalytic structures, on the non-orientable surface Σ, that are compatible with the differential structure induced by X. The quotient of M(Σ) by the group of diffeomorphisms homotopic to the identity (acting by pullback, see §3), is the Teichmüller space T (Σ) of Σ. It has a natural real analytic structure given by projecting the natural structure of M(Σ). It is not hard to prove that 
We introduce the concept of puncture on a non-orientable surface as a generalisation of the corresponding idea on Riemann surfaces: a puncture is a domain on Σ, homeomorphic to the unit disc minus the origin, that cannot be completed to be homeomorphic to the unit disc, and such that any change of coordinates in the domain is holomorphic. The above theorems extends easily to the case of surfaces with punctures. For example, we can identify the deformation space of a surface of genus 1 with two punctures. are real isomorphic, if there exists a biholomorphic mapping f :
The following result is a generalisation of the Bers-Greenberg isomorphism for Riemann surfaces. 
Uniformization
Classically, hyperbolic Klein surfaces are uniformized as the quotient of the upper half plane by a discrete group of dianalytic self-homeomorphisms (Möbius and antiMöbius transformations with real coefficients), known as NEC groups. In this section, we will prove a uniformisation theorem by a different type of groups, which are more suitable for computations. We will use these groups, in §4, to produce some explicit examples of deformation spaces of non-orientable surfaces.
We start by recalling some facts of uniformization of Riemann surfaces. A partition C on a Riemann surface Σ, of genus g ≥ 2, is a collection of simple closed disjoint curves, such that no curve of C is homotopically trivial, and no two curves of C are freely homotopically equivalent. A partition consists of at most 3g − 3 curves; if this bound is attained, we say that the partitions is maximal. See [15] for the proof of the existence of partition on surfaces. 
G is unique up to conjugation by Möbius transformations.
A symmetry σ on a Riemann surface is an anticonformal involution. If F (σ) denotes the set of fixed points of σ, then we have that Σ − F (σ) consists of at most two components. It is a well known fact that Σ/ < σ > is orientable if and only if [14] ). The classical result about the structure of F (σ) is the following. This theorem can be improved as follows. The existence of maximal partitions invariant under symmetries is a well known fact; but our proof is different from those in the literature (see, for example [14, pgs. 117-120]), but we include it here for the sake of completeness. Proof. Let C 1 denote the set of curves given by the Harnack-Kra-Maskit theorems. We claim that C 1 is a partition on Σ. In fact, we have that if a curve of C 1 is homotopically trivial, then Σ 1 and Σ 2 are discs, and therefore, Σ will be homeomorphic to the Riemann sphere. Similarly, if two curves of C 1 are freely homotopic, we get that Σ is a torus.
If C 1 is maximal, we are done. If not, let a be a curve such that C 2 = C 1 ∪ {a} is a partition. We claim that C 2 ∪ {σ(a)} is a partition. This can be seen in three easy steps:
1. σ(a) is not homotopically trivial, since σ is a homeomorphism, and a is not trivial (being a curve in a partition); 2. σ(a) is not (freely) homotopically equivalent to any curve of C 1 . If there is a curve δ in C 1 , freely homotopic to σ(a), then, applying σ, we would get that a is freely homotopic to δ, contradicting the fact that C 2 is a partition;
3. σ(a) is not freely homotopic to a. If these two curves are freely homotopic, then we have that a and σ(a) bound a cylinder in Σ. Since these curves lie in different components of Σ − C 1 , we get that there is a curve, δ in C 1 , in that cylinder. But this implies that a is homotopically equivalent to δ, which is again not possible. Proof of theorem 1.1. Let Σ c be the complex cover of Σ, and let σ be the symmetry on Σ c such that Σ c / < σ > ∼ = Σ. By our hypothesis, Σ c has genus greater than 1, so applying the lemma 2.4 we obtain a σ-invariant maximal partition C on Σ c . Using the Maskit Uniformization Theorem, we get a Kleinian group G, uniformizing Σ c in the invariant simply connected component ∆. We only need to show that the symmetry σ lifts to an anti-Möbius transformation, in the covering determined by G (i.e., it is of the form given in the statement of the theorem). For simplicity, assume first that σ is orientation preserving. Then σ induces a set of conformal mappings, σ j : S j → S k , among the parts S 1 , . . . , S 2g−2 of Σ − C. The infinite Nielsen extension,S j , of S j is a thrice punctured sphere, obtained from S j by completing the holes to punctured discs.
It is a classical fact that σ j extends to a quasiconformal mapping, denoted byσ j , from
we have that its dilatation is equal to 1, and therefore K(σ j ) = 1, that is,σ j is also conformal. Let ∆ j be a component of π −1 (S j ), where π : ∆ → Σ is the natural quotient mapping from ∆ onto Σ, and let
We have that the G ′ j s are triangle groups with two invariant components; let U ′ j be the component that does not contain ∆. Then, the mapping σ j induces a conformal mapping between U ′ j and U ′ k , for a proper choice of U k . This can be done with all the components of π −1 (S j ), and all the j = 1, . . . , 2g − 2, obtaining in this way a conformal self-mappingσ, of ∆∪g(U −j). But this set is the region of discontinuity of G (that is, the set of points of the Riemann sphere were G acts discontinuously). Since G is finitely generated, we have that the complement of the region of discontinuity has measure zero. Therefore, the classical theory of quasiconformal mappings gives us a conformal automorphism of the Riemann sphere that extendsσ. Such mapping should be a Möbius transformation.
To complete the proof of the theorem it suffices to observe the following two facts, which are easy to prove:
1. the theory of quasiconformal mappings has a natural extension to cover the orientation reversing mappings [14] ; and 2. Bers' results on Nielsen extensions can be applied to orientation reversing mappings.
We define a ramification point x on a Klein surface as a point such that the universal covering looks like z → z n , in a neighborhood of x, (which corresponds to the points z = 0) for some finite positive integer n. The number n is called the ramification value of x. Ramification points correspond to fixed points of orientation preserving transformations, of finite order. Given a Klein surface with ramification points and/or punctures, called a Klein orbifold, we define its signature as a collection of numbers (and a symbol) of the form (g, ±, n; ν 1 , . . . , ν n ), where g is the genus of the surface, n is the number of special points, and ν 1 , . . . , ν n are the ramification values, with puntures having ramification value equal to ∞. If the orbifold is orientable, then we take the symbol +, while − is used for non-orientable surfaces. If all the ramification values are equal to ∞, then we will write the signature as (g, ±, n). It is not difficult to see that if Σ has signature (g, −, n; ν 1 , . . . , ν n ), then the signature of Σ c must be (g − 1, +, 2n; ν 1 , ν 1 , . . . , ν n , ν n ).
A Klein orbifold Σ, is hyperbolic if and only if kg − 2 + n − We start by recalling the definition of the modular group, and some basic facts about hyperelliptic surfaces. The modular group Mod(Σ) of a non-orientable surface is the quotient of the group of diffeomorphisms, by those homotopic to the identity (in the case of Riemann surfaces, one takes only the orientation preserving diffeomorphisms). We have that Mod(Σ) acts on T (Σ) by pullback: given a mapping f , and a real analytic structure structure X, we define f * (X) as the unique structure on
becomes dianalytic in the natural structure of T (Σ).
We say that a non-orientable surface Σ is hyperelliptic if it is a double cover of the (real) projective plane (respectively, the Riemann sphere, in case of orientable surfaces). Hyperelliptic surfaces carry the so-called hyperelliptic involution, which is a dianalytic involution (holomorphic, in the case of orientable surfaces) α, such that Σ/ < α > is the projective plane. It is not hard to see that if Σ is hyperelliptic, so is its complex cover Σ c , and that α lifts to the hyperelliptic involution j of Σ c . Since the hyperelliptic involution on a Riemann surface is unique, we obtain the reciprocal result: if Σ c is the complex double of a surface Σ, and Σ c is hyperelliptic, then Σ is also hyperelliptic; moreover, the involution j can be pushed down to the hyperelliptic involution α in Σ.
As in the case of Riemann surfaces, we have that the modular group acts effectively on Teichmüller space, except for a finite number of cases. It would be interesting to know whether the image of Mod(Σ) is equal to the whole set A described in the above proof.
The proof of the following result is straightforward from the parallel result for Riemann surfaces. Nevertheless, the proposition is interesting, because it shows the great similarity between the theory of deformation of orientable surfaces, and that of non-orientable ones. 
Proof. It suffices to observe that if T (Σ 1 ) and T (Σ 2 ) are real isomorphic, then the spaces T (Σ respectively, we get the Bers-Greenberg theorem for non-orientable surfaces.
Examples
In this section, we will shown with two examples, how the techniques of Kra of [9] can be applied to the case of non orientable surfaces. We will work with deformation spaces of Kleinian groups, which are equivalent (if the groups are chosen properly, for example, groups given by theorem 1) to deformation spaces of Riemann or Klein surfaces (see [8] or [14] for more details).
In out first example, we consider a Klein surface, Σ, of signature (0, −, 2). Its complex double, Σ c , has signature (0, +, 4). A Kleinian group, G α , uniformizing Σ c is generated by the transformations
where Im(α) > 1 (see above reference). The coordinate of G α in the Teichmüller space T (0, +, 4) (notation should be obvious) is given by the expression
Here cr denotes the cross ratio of four points in the Riemann sphere, chosen so that cr(∞, 0, 1, z) = z, and f (T ) denotes the unique fixed point of the parabolic transformation T .
A maximal partition in Σ c consists of a simple closed curve, say a 1 . We can assume (A, B, B α ) 
). Since the transformation r is orientation reversing, we have that its action is given by conjugating the group G ′ into G(A,rB α+1r −1 , rABr −1 ). The mapping σ * has therefore the form
Therefore, the Teichmüller space T (Σ) can be identified with the set of points α ∈ T (Σ c ) such that Re(α) = 0. By the work of Kra, we have that T (Σ) is precisely the set {z ∈ C; Re(z) = 0, Im(z) > 1}.
Consider now the case of a surface Σ of signature (3, −, 0). The complex double of Σ is a Riemann surface Σ c , of genus 2 without punctures. In [9] we can find a group G τ uniformizing Σ c , generated by the Möbius transformations:
The mapping A j correspond to the curves a j of the partition of Σ c of figure 4 . The C j are loxodromic elements with the property that B 3 ))). Let σ = rR be defined in a similar way as in the previous example: R is a rotation by 180 degrees on the line of figure 4, and r is an antiholomorphic reflection on the curve a 2 . The computation of the case (0, −, 2) applies to the coordinate τ 2 , since the part corresponding to it (that is, Σ − {a 1 , a 3 }) is a surface of signature (0, +, 4).
So we get that the action of σ * on τ 2 is τ 2 → −τ 2 . We have that the mapping R lifts to A 1/2 2 , and the lift of r isr (z) = (1 − µ)z + µ µz + 1 + µ .
Computing as in the previous example, and taking care of the fact that r reverses orientation, we see that σ * (τ 1 ) is given by the cross ratio of the points f (rA 
